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AN A PRIORI BOUND OF ENDOMORPHISMS OF CPk
AND A REMARK ON THE MAKIENKO CONJECTURE IN
DIMENSION ONE
YUˆSUKE OKUYAMA
Abstract. Let f be an endomorphism of CPk of degree > 1, and as-
sume that for any cyclic Fatou componentW of f having a period p ∈ N,
the equilibrium measure µf has a positive charge on the boundary of W
if and only if f−p(W ) = W . Then we obtain a locally uniform a priori
bound of the dynamics of f , which in particular yields a Diophantine-
type estimate of the dynamics of f on its domaines singuliers. We also
point out that in the case of k = 1, the statement of our assumption
is related to both the impossibility for the Julia set of f to be the
boundary of lakes of Wada and the so called Makienko conjecture on
the non-emptiness of the residual Julia set of f .
1. Introduction
Let f be a holomorphic endomorphism of Pk = CPk, k ∈ N, of algebraic
degree d > 1 (so of topological degree dk). By the seminal Fornæss–Sibony
[10] (see also the survey [7]), the weak limit
µf := lim
n→∞
(f∗ωFS)
∧k
dkn
exists on Pk, so that µfn = µf on P
k for every n ∈ N, where ωFS is the Fubini-
Study Ka¨hler form on Pk normalized as ω∧kFS(P
k) = 1. Let us equip Pk with
the normalized chordal metric [x, y]Pk(≤ 1) (see (2.1) for the definition),
which is comparable to the metric on Pk induced by ωFS. The probability
measure µf , which is called the equilibrium measure of f , has no masses on
pluripolar subsets in Pk and satisfies the f -balanced property f∗µf = d
k ·µf
on Pk. Letting δx be the Dirac measure on P
k at each x ∈ Pk, for every
x ∈ Pk except for a pluripolar subset in Pk, the weak convergence
lim
n→∞
(fn)∗δx
dkn
= µf(1.1)
holds on Pk, so µf is mixing (so ergodic) under f (see [4, 6, 8] for more
details). Let us also recall a more classical Fatou-Julia strategy. The (first)
Julia set J(f) of f is by definition all points in Pk at each of which the family
{fn : n ∈ N} is not normal, and is a compact subset in Pk. The (first) Fatou
set F (f) of f is defined by Pk \J(f), and each component of F (f) is called a
Fatou component of f . Both J(f) and F (f) are totally invariant under f , f
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maps each Fatou component of f properly to a Fatou component of f , and
the preimage of a Fatou component of f under f is the union of (at most
dk) Fatou components of f . A Fatou component W of f is said to be cyclic
under f if fp(W ) = W for some p ∈ N; then such p is called a period of W
(under f), and the minimal such p is called the exact period of W (under f).
In general, we have suppµf ⊂ J(f), and we have suppµf = J(f) if k = 1
(see Section 2 for more details).
Our principal result is the following locally uniform a priori bound of the
dynamics of f .
Theorem 1 (an a priori bound). Let f be a holomorphic endomorphism
of Pk of algebraic degree d > 1, and suppose that (*) for any cyclic Fatou
component W of f having a period p ∈ N, µf (∂W ) > 0 if and only if
f−p(W ) =W . Then for every holomorphic endomorphism g of Pk of degree
> 0 and every non-empty open subset D in Pk,
lim
n→∞
supy∈D log[f
n(y), g(y)]Pk
dn + deg g
= 0.(1.2)
We conclude this section with a few remarks on the conclusion (1.2) and
the assumption (*) in Theorem 1 since both are seemingly technical.
Remark 1.1. Following Fatou [9, Sec. 28], a cyclic Fatou component W of f
having the exact period, say, p ∈ N is called a domaine singulier (a singular
domain, or a rotation domain) of f if fp :W →W is injective (singulier in
French) so biholomorphic. The conclusion (1.2) in Theorem 1 for g = IdPk
is equivalent to that for every domaine singulier W of f having the exact
period p ∈ N and every non-empty open subset D ⋐W ,
lim
n→∞
log supy∈D[f
pn(y), y]Pk
dpn + 1
= 0.(1.3)
This Diophantine-type estimate (1.3) of fp on a domaine singulier W has
been known in [16, Theorem 3] without assuming (*) but under the as-
sumption (**) that W is of maximal type in that, setting q := min{j ∈ pN :
f j|W ∈ G0}, where G0 is the component of the closed subgroup generated
by fp|W in the biholomorphic automorphisms group Aut(W ) of W contain-
ing IdW , there is a Lie groups isomorphism G0 → T
k that maps f q|W to
(e2iπα1 , . . . , e2iπαk) ∈ Tk for some α1, . . . , αk ∈ (R \Q)/Z; in general, G0 at
least contains a real 1-dimensional torus T1 (Ueda [21]).
Remark 1.2. In the statement in the assumption (*), one implication is
obvious; if f−p(W ) =W , then suppµf ⊂ ∂W by (the property of pluripolar
subsets and) the above description of µf , so µf (∂W ) = 1 > 0.
In fact, it is always the case that for every cyclic Fatou component W of
f having a period p ∈ N, we have µf (∂W ) ∈ {0, 1} and, if µf (∂W ) = 0,
then we have µf (∂U) = 0 for every component U of
⋃
n∈N∪{0} f
−n(W );
for, by the ergodicity of µf under f and f
p(W ) = W , we have not only
µf (
⋃
n∈N∪{0} f
−pn(∂W )) ∈ {0, 1} but, for every n ∈ N, also f−p(n−1)(∂W ) ⊂
f−pn(∂W ). Then by the f -invariance of µf , we compute as µf (∂W ) =
µf (f
−pn(∂W )) = µf (f
−p(n−1)(∂W )) + µf (f
−pn(∂W ) \ f−p(n−1)(∂W )) =
µf (∂W )+µ(f
−pn(∂W )\f−p(n−1)(∂W )), so µf (f
−pn(∂W )\f−p(n−1)(∂W )) =
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0, and then µf (∂W ) = µf (
⋃
n∈N∪{0} f
−pn(∂W )) ∈ {0, 1}. Finally, if in ad-
dition µf (∂W ) = 0, then for every component U of
⋃
n∈N∪{0} f
−n(W ), by
the f -invariance of µf and f
p(W ) = W , we compute as 0 = µf (∂W ) =
µf (∂(f
−(p−j)(W ))) ≥ µf (∂(f
j(W ))) = µf (
⋃
n∈N∪{0} f
−pn(∂(f j(W )))) ≥
µf (∂U) ≥ 0 for some j ∈ {0, . . . , p − 1}, so µf (∂U) = 0.
Remark 1.3. In the dimension k = 1 case, we have suppµf = J(f), and
by the Riemann-Hurwitz formula, for any cyclic Fatou component W of
f having a period p ∈ N, if f−p(W ) = W , then p ∈ {1, 2}. Moreover, by
Sullivan’s no wandering domain theorem [18], for any Fatou component U of
f , there is N ∈ N∪{0} such thatW := fN(U) is a cyclic Fatou component of
f ; then µf (∂W ) ∈ {0, 1} and, if in addition µf (∂W ) = 0, then µf (∂U) = 0
(seen in Remark 1.2). By the Riemann-Hurwitz formula again, there are at
most two Fatou components U of f such that f−2(U) = U .
It seems open whether the statement in the assumption (*) is the case for
any f , even in the case k = 1. We point out the following.
Proposition 1.4. Let f ∈ C(z) be of degree d > 1. Then the following
statements are equivalent;
(i) for any Fatou component U of f , µf (∂U) > 0 if and only if f
−2(U) =
U .
(ii) for any Fatou component U of f , ∂U = J(f) if and only if f−2(U) =
U .
Moreover, if the above statements are the cases, then so are the followings;
(iii) the Julia set J(f) of f cannot be the boundary of lakes of Wada.
Here a compact subset C in P1 is called the boundary of lakes of
Wada if there are at least three distinct components of P1 \ C, the
boundary of each of which equals the whole C (introduced in [22]).
(iv) (the so called Makienko conjecture (1990)) the residual Julia set
J0(f) := J(f) \ (
⋃
U :a Fatou component of f ∂U) of f is empty if and
only if there is a Fatou component U of f such that f−2(U) = U .
Indeed, the observations in the first paragraph yield (i)⇔(ii), (ii)⇒(iii),
and (i)⇒(iv). For further studies, see e.g. [17, 15, 19, 5, 11].
2. Background
We say a function H : Ck+1 → R ∪ {−∞} is log-homogeneous (of order
1) if for every c ∈ C∗, H(cZ) = H(Z) + log |c| on Ck+1. Let ‖ · ‖ be
the Euclidean norm on Ck+1. The function log ‖ · ‖ : Ck+1 → R ∪ {−∞}
is continuous, plurisubharmonic, and log-homogeneous (of order 1). The
complex Laplacian ddc is normalized as usual, so in particular that π∗ωFS =
ddc log ‖ · ‖ on Ck+1 \ {0}, where the origin (0, . . . , 0) of the C-linear space
Ck+1 is denoted by 0. More generally, a function H : Ck+1 → R ∪ {−∞}
which is plurisubharmonic and log-homogeneous (of order 1) is also called
an ωFS-plurisubharmonic function on P
k; indeed, the function H − log ‖ · ‖
descends to Pk so that π∗
(
ddc(H − log ‖ · ‖) + ωFS
)
= ddcH on Ck+1 \ {0},
ddc(H − log ‖ · ‖) + ωFS ≥ 0 on P
k, and
(
ddc(H − log ‖ · ‖) + ωFS
)
∧ ωk−1FS is
a probability measure on Pk.
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Set ℓ(k) :=
(
k+1
2
)
∈ N so that Ck+1 ∧ Ck+1 ∼= Cℓ(k) (cf. [14, §8.1]) and,
for simplicity, also denote by ‖ · ‖ the Euclidean norm on Cℓ(k). Let π :
Ck+1 \ {0} → Pk be the canonical projection. The chordal metric on Pk is
[x, y]Pk := ‖Z ∧W‖(‖Z‖ · ‖W‖) ≤ 1, x, y ∈ P
k,(2.1)
where Z ∈ π−1(x),W ∈ π−1(y).
Let f be a holomorphic endomorphism of Pk = CPk of algebraic de-
gree d > 1. A lift of f is an ordered (k + 1)-tuple F = (F0, F1, . . . , Fk) ∈
(C[z0, z1, . . . , zk]d)
k+1 of homogeneous polynomials of degrees d in the in-
determinants z0, . . . , zk+1, which is unique up to multiplication in C
∗, such
that π ◦ F = f ◦ π on Ck+1 \ {0} (and that F−1(0) = {0}). Fix a lift F of
f . Then the uniform limit
GF := lim
n→∞
log ‖Fn‖
dn
: Ck+1 \ {0} → R(2.2)
exists ([13]) and, setting GF (0) := −∞, the function GF : Ck+1 → R∪{−∞}
is continuous, plurisubharmonic, and log-homogeneous (of order 1). By
Ueda [20, Theorem 2.2], the region of pluriharmonicity of GF coincides not
only with π−1(F (f)) but also with π−1(F˜ (f)), where F˜ (f) is the set of all
points in Pk at each of which the family {fnj : Pk → (Pk, [x, y]Pk) : j ∈ N}
is normal for some sequence (nj) in N tending to ∞ as j →∞.
3. Proof of Theorem 1
Let f be a holomorphic endomorphism of Pk = CPk of algebraic degree
d > 1, and assume (*) that for any cyclic Fatou component W of f having
a period p ∈ N, µf (∂W ) > 0 if and only if f
−p(W ) =W .
Suppose to the contrary that there are a holomorphic endomorphism g of
Pk of degree > 0 and a domain D in Pk such that (1.2) does not hold, so
that there is a sequence (nj) in N tending to ∞ as j →∞ such that
lim
j→∞
supy∈D log[f
nj(y), g(y)]Pk
dnj + deg g
< 0.(3.1)
Then D ⊂ F (f), and let U be the Fatou component of f containing D.
Since deg g > 0, we have limj→∞ f
nj+1−nj = Idg(D) locally uniformly on
g(D), and then there is N ∈ N ∪ {0} such that V := fnN (U)(= g(U)) is a
cyclic Fatou component of f having the exact period, say, p ∈ N and satisfies
deg(fp : V → V ) = 1. Then f−p(V ) 6= V since (the topological degree of
f) = dk > 1, so that under the assumption (*), we have
µf (∂U) = 0(3.2)
(seen in Remark 1.2).
Also fix a lift G of g. By (2.1) and (2.2), the family
{
(log |Fnj ∧G|)/dnj :
j ∈ N
}
is locally uniformly bounded from above on Ck+1. Moreover,
by (2.1), (2.2), and J(f) 6= ∅, we have lim supj→∞ sup{GF=0}(log |F
nj ∧
G|)/dnj ≥ 0 > −∞. Hence by (2.1), (2.2), and a version of Hartogs lemma
for a sequence of plurisubharmonic functions (see [12, Theorem 4.1.9(a)] or
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[1, Theorem 1.1.1]), taking a subsequence of (nj) if necessary, there is a
plurisubharmonic function φ on Ck+1 such that
φ := lim
j→∞
log ‖Fnj ∧G‖
dnj + deg g
(≤ GF ) in L1loc(C
k+1,m2k+2),
where m2k+2 denotes the (2k+2)-dimensional Lebesgue measure on C
k+1 ∼=
R2k+2. The function φ is also log-homogeneous (of order 1).
By the log-homogeneity of both GF and φ, φ−GF on Ck+1\{0} descends
to a function Pk → R≤0 ∪ {−∞}, which is not only upper semicontinuous
on Pk but also plurisubharmonic on U , and by (2.1), (2.2), and (3.1), the
open subset {φ − GF < 0} in Pk contains D(⊂ U) except for an at most
m2k+2-null subset in D. Hence U ∩ {φ − G
F < 0} 6= ∅. By (2.1), (2.2),
the upper semicontinuity of φ − GF , and a version of Hartogs lemma for
a sequence of plurisubharmonic functions (see [12, Theorem 4.1.9(b)]), we
also have φ−GF ≡ 0 on J(f), so in particular φ = GF on π−1(∂U).
Let us define the locally bounded function
ψ :=
{
max{φ,GF − 1} on π−1(U)
GF on Ck+1 \ π−1(U),
which is still plurisubharmonic on Ck+1; for, it is upper semicontinuous on
Ck+1 (since so is φ, φ = GF on π−1(∂U), and φ ≤ GF ) and plurisubharmonic
on Ck+1 \ (π−1(∂U) ∪ {0}), and satisfies the mean value inequality at each
point Z0 ∈ π
−1(∂U) ∪ {0} on each complex line passing through Z0 (since
so does φ, φ = GF on π−1(∂U), and φ ≤ GF ). The function ψ is also
log-homogeneous (of order 1). By the log-homogeneity of both GF and ψ,
the function ψ −GF also descends to a function on Pk.
Following the manner in [2, §2.1], let us also denote by ddcψ (resp. ddcGF )
the current on Pk whose pullback under π : Ck+1 \ {0} → Pk coincides (the
genuine) ddcψ (resp. the genuine ddcGF ) on Ck+1 \ {0}. Then both the
k-th Bedford–Taylor wedge products (ddcψ)∧k and (ddcGF )∧k on Pk of ddcψ
and ddcGF , respectively, exist and are probability measures on Pk. From the
definition of GF , the latter probability measure (ddcGF )∧k on Pk is nothing
but the equilibrium measure µf of f . We claim that (dd
cψ)∧k = µf on P
k;
for, by the definition of ψ, we have (ddcψ)∧k = (ddcGF )∧k = µf on P
k \ U ,
and by suppµf ⊂ J(f) and the vanishing µf (∂U) = 0 in (3.2), we also have
(ddcψ)∧k(U) = 1− (ddcψ)∧k(Pk \U) = 1− µf (P
k \U) = µf (U) = 0. Hence
the claim holds.
Once this claim is at our disposal, we have ψ − GF ≥ 0 (indeed = 0)
on (ddcψ)∧k(= µf )-almost everywhere P
k, and then by a version of the
Bedford–Taylor domination principle ([3, Corollary 2.5]; for a summary on
the properties of plurisubharmonic weights on big line bundles over complex
compact manifolds, which applies to our ωFS-plurisubharmonic functions on
Pk, see [2, §2]), we have ψ ≥ GF on Ck \ {0}. In particular φ = ψ ≥ GF on
π−1(U), which contradicts U ∩ {φ−GF < 0} 6= ∅. 
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